Abstract Given a free resolution of an ideal J of holomorphic functions, one can construct a vector-valued residue current R, whose annihilator is precisely J . In this paper we compute R in case J is a monomial ideal and the resolution is a cellular resolution in the sense of Bayer and Sturmfels. A description of R is given in terms of the underlying polyhedral cell complex and it is related to irreducible decompositions of J .
Introduction
The duality principle for residue currents, due to [12, 19] , asserts that a complete intersection ideal of holomorphic functions can be represented as the annihilator ideal of a so-called Coleff-Herrera current [11] . It has been widely used, for example to obtain effective solutions to division problems [8] , and explicit versions of the Ehrenpreis-Palamodov fundamental principle [9] , see also [7] . In [2] we generalized the duality principle to general ideals of holomorphic functions by constructing, from a free resolution of an ideal J , a vector-valued residue current R, whose annihilator ideal is precisely J . This was used to extend several results previously known for complete intersections. Also, these currents have recently been used by Andersson and Samuelsson [4] , to obtain new results for∂-equations on singular varieties.
The degree of explicitness of the current R of course directly depends on the degree of explicitness of the free resolution. In case J is a complete intersection the Koszul complex is exact and the corresponding current is the classical Coleff-Herrera current, compare to [1, 20] . In general, though, explicit resolutions are hard to find. In this paper we will focus on monomial ideals, for which there has recently been a lot of work done, see for example E. Wulcan (B) Mathematical Sciences, Chalmers University of Technology and Mathematical Sciences, Göteborg University, 412 96 Göteborg, Sweden e-mail: wulcan@math.chalmers.se the book [17] and the references mentioned therein. We compute residue currents associated with so-called cellular resolutions, which were introduced by Bayer and Sturmfels [5] , and which can be nicely encoded into polyhedral cell complexes. Our main result, Theorem 5.3, is a complete description of the residue current of a so-called generic monomial ideal.
Because of their simplicity and nice combinatorial description monomial ideals serve as a good toy model for illustrating general ideas and results in commutative algebra and algebraic geometry, see [24] for examples, which make them a natural first example to consider. In [26] residue currents of Bochner-Martinelli type, in the sense of [20] , were computed for monomial ideals, and in [2, 27] , there are presented some explicit computations of residue currents of certain simple monomial ideals that are not complete intersections. Also, many results for general ideals can be proved by specializing to monomial ideals. In fact, recall that the existence of Bochner-Martinelli type residue currents as well as the residue currents in [2] is proved by reducing to a monomial situation by resolving singularities.
We start by considering Artinian, that is, zero-dimensional, monomial ideals in Sect. 3. Residue currents associated with general monomial ideals are computed essentially by reducing to this simpler case. A priori, the residue current R associated with a cellular resolution of an Artinian monomial ideal has one entry R τ for each (n − 1)-dimensional face τ of the underlying polyhedral cell complex. The main technical result in this paper, Proposition 3.1, asserts that each R τ is a certain nice Coleff-Herrera current:
where α = (α 1 , . . . , α n ) can be read off from the cell complex and c is a constant. In particular, if c = 0 the ideal of functions annihilating R τ , ann R τ , is (z α 1 1 , . . . , z α n n ). A monomial ideal of this form, where the generators are powers of variables, is called irreducible. One can show that every monomial ideal can be written as a finite intersection of irreducible ideals; this is called an irreducible decomposition of the ideal. Note that an irreducible ideal is primary so an irreducible decomposition of a monomial ideal is a refinement of a primary decomposition. Since one has to annihilate all entries R τ to annihilate R, ann R τ yields an irreducible decomposition of the ideal ann R, which by the duality principle equals J , and so the (nonvanishing) entries of R can be seen to correspond to components in an irreducible decomposition. In particular, the number of nonvanishing entries are bounded from below by the minimal number of components in an irreducible decomposition.
In general, we cannot extract enough information from our computations to determine which entries R τ that are nonvanishing. Still, for "most" monomial ideals we can; if the monomial ideal J is generic, which means that the exponents in the set of minimal generators satisfy a certain genericity condition (see Sect. 2 for a precise definition), then Theorem 3.3 states that R τ is nonvanishing precisely when τ is a facet of the Scarf complex introduced by Bayer et al. [6] . In particular, if the underlying cell complex is the Scarf complex, then all entries of R are nonvanishing. The cellular resolution so obtained is in fact a minimal resolution of the generic ideal J . Theorem 3.5 asserts that whenever the cellular resolution is minimal, the corresponding residue current has only nonvanishing entries. Also, the number of entries is equal to the minimal number of components in an irreducible decomposition.
In Sect. 5 we extend the results for Artinian monomial ideals to general monomial ideals. The basic idea is to decompose the residue current into simpler parts, which can be computed essentially as in the Artinian case. In [3] it was shown that the residue current R constructed from a free resolution of the ideal J can be naturally decomposed with respect to the set of associated prime ideals of J , AssJ ;
